Abstract. We extend many results on Selmer groups for elliptic curves and modular forms to the non-ordinary setting. More precisely, we study the signed Selmer groups defined using the machinery of Wach modules over Zpcyclotomic extensions. First, we provide a definition of residual and nonprimitive Selmer groups at non-ordinary primes. This allows us to extend techniques developed by Greenberg (for p-ordinary elliptic curves) and Kim (p-supersingular elliptic curves) to show that if two p-non-ordinary modular forms are congruent to each other, then the Iwasawa invariants of their signed Selmer groups are related in an explicit manner. Our results have several applications. First of all, this allows us to relate the parity of the analytic ranks of such modular forms generalizing a recent result of the first-named author for p-supersingular elliptic curves. Second, we can prove a Kida-type formula for the signed Selmer groups generalizing results of Pollack and Weston.
1. Introduction 1.1. Overview. Suppose thatρ : G Q → GL 2 (F) is an absolutely irreducible Galois representation, where F is a finite field of characteristic p. Ifρ is modular, then we can find many modular forms f such that the associated Galois representation ρ f : G Q → GL 2 (Q p ) gives rise toρ, in the sense that its semisimple reduction mod p is isomorphic toρ. For the purposes of this introduction, let us write C(ρ) for the set of all such modular forms. Two modular forms f, g ∈ C(ρ) are said to be congruent mod p.
Suppose that f, g ∈ C(ρ) are of weight k = 2 with rational Fourier coefficients, so that they correspond to elliptic curves, and suppose further that they are pordinary. Let K ∞ be the Z p -cyclotomic extension of Q. In [GV00], Greenberg and Vatsal study the relation between the Iwasawa invariants of the Selmer groups Sel(f /K ∞ ) and Sel(g/K ∞ ). By defining auxiliary Selmer groups (which they call non-primitive), they are able to show that knowledge of the Iwasawa invariants for Sel(f /K ∞ ) is sufficient to compute those for Sel(g/K ∞ ). The ideas and techniques in loc. cit. were extended to more general modular forms (still p-ordinary) in [EPW06] , in which Emerton, Pollack, and Weston show that Iwasawa invariants are well-behaved in Hida families.
In all of this work, the p-ordinary assumption is crucial, as the classical Selmer group for f at a non-ordinary prime p is not Λ-cotorsion, where Λ is the Iwasawa algebra Z p [[X] ]. So, initially it does not even make sense to talk about Iwasawa invariants at such primes. However, Kobayashi [Kob03] defined the so-called plus/minus Selmer groups when f corresponds to an elliptic curve with a p = 0 and showed that they are Λ-cotorsion. Subsequently, the results of [GV00] were generalized to these plus/minus Selmer groups by Kim in [Kim09, Kim13] .
Kobayashi's definition of plus/minus Selmer groups has been generalized to supersingular elliptic curves with a p = 0 by Sprung [Spr12] and to general nonordinary modular forms by Loeffler and Zerbes together with the second-named author in [LLZ10] using the machinery of Wach modules. Indeed, it is possible to define two signed Selmer groups over K ∞ attached to f , which we denote by Sel i (f /K ∞ ) in the introduction. These Selmer groups have been proved to be Λ-cotorsion in a large number of cases. Accordingly, at a non-ordinary prime, f has pairs of Iwasawa invariants. We shall review the definition of Sel i (f /K ∞ ) in §2. Along the way, we shall also define the counterparts over Q and the non-primitive version of these groups, which are denoted by Sel i (f /Q) and Sel
The goal of the present paper is to extend the results of Greenberg-Vatsal, Emerton-Pollack-Weston and Kim to modular forms of even weight k ≥ 2 at nonordinary primes. Below is a summary of our main results.
• The signed Selmer groups have no proper Λ-submodules of finite index (Theorem 3.1).
• If f and g are two forms of the same weight inside C(ρ), the µ-invariant of Sel i (f /K ∞ ) vanishes if and only if that of Sel i (g/K ∞ ) does. In this case, the λ-invariants of Sel • Let f and g be as above. There exist some explicitly computable finite sets S f and S g such that corank Sel i (f /Q) + |S f | ≡ corank Sel i (g/Q) + |S g | mod 2
(Theorem 5.7). Furthermore, if r f and r g denote the analytic ranks of f and g respectively, and if f and g have trivial nebentypus, then r an (f ) + |S f | ≡ r an (g) + |S g | mod 2
(Corollary 5.8).
• If F/Q is a finite extension where p is unramified, we may extend the definition of signed Selmer groups to Sel i (f /F ∞ ), where F ∞ is the cyclotomic Z p -extension of F (this is the content of §6.1).
• A Kida-type formula as proved by Pollack-Weston in [PW06] holds, relating the λ-invariants of Sel i (f /F ′ ∞ ) and Sel i (f /F ∞ ), where F ′ /F is a finite Galois p-extension (Theorem 6.7).
• In the final section, we discuss the various hypotheses imposed in our paper and mention some computational verification of Corollary 5.8.
1.2. Notation. Throughout this article, p denotes a fixed odd prime. For each integer n ≥ 0, we write Q p,n = Q p (µ p n ). Let Q ∞ = Q(µ p ∞ ) and Γ = Gal(Q ∞ /Q) = Gal(Q p (µ p ∞ )/Q p ), which we decompose as Γ 0 × ∆, where Γ 0 ∼ = Z p and ∆ ∼ = Z/(p − 1)Z. Let χ be the cyclotomic character on Γ and let κ and ω be the restriction of χ to Γ 0 and ∆ respectively. Note that p is totally ramified in Q ∞ . If K is a subfield of Q ∞ , we shall abuse notation and write p for the unique prime of K lying above p.
Let K ∞ be the Z p -cyclotomic extension of Q (so K ∞ = Q ∆ ∞ , with Gal(K ∞ /Q) ∼ = Γ 0 ). For n ≥ 0, we write K n for the subextension of K ∞ /Q of degree p n . Let 1.3. Sketch of proofs. For the reader's convenience, we now briefly outline the main ideas of the arguments which culminate in the proof of our parity result (Corollary 5.8). It will be clear to the reader that we were greatly influenced by the work of Greenberg-Vatsal [GV00] . We begin in Section 2.1 by recalling the theory of Wach modules related to p-adic representations, especially some of the structure theorems due to Berger. Upon choosing a basis for the Wach module associated to a modular form f , we construct Coleman maps
from the Iwasawa cohomology of T f to the Iwasawa algebra, where T f is a certain lattice inside Deligne's p-adic representation attached to f . For any subfield K ⊂ Q ∞ , we then define our signed Selmer groups Sel i (f /K) in terms of the kernels of these Coleman maps.
Upon relaxing the local conditions away from p, we also define non-primitive signed Selmer groups Sel Σ0 i (f /K), and in Section 2.2 we study the relationship between Sel i (f /K) and Sel Σ0 i (f /K). In particular, we show that their quotient is a finite product of local Galois cohomology groups which are computable in practice (see Corollary 2.10).
In Section 2.3 we study the relation between our signed Selmer groups and the standard Bloch-Kato Selmer groups, showing that our Sel 2 (f /Q) is equal to Sel BK (f /Q) (see Proposition 2.14).
We begin proving our main results in Section 3, where we first establish the non-existence of submodules of finite index (Theorem 3.1). This result is a crucial ingredient in the proofs of Section 4, where we prove that the non-primitive signed Selmer groups Sel Σ0 i (f /Q ∞ ) are completely determined by the residual Galois representation associated to f ; therefore, if f, g ∈ C(ρ) then the Iwasawa invariants of their associated signed Selmer groups Sel i (f /Q) and Sel i (g/Q) are related by an explicit formula in terms of local Galois cohomology groups by Corollary 2.10. In Section 5, we study the dimensions of these local Galois cohomology groups modulo 2, and in light of Proposition 2.14 (which relates our signed Selmer groups to the Bloch-Kato Selmer groups), we invoke proven cases of the Parity Conjecture to obtain our own parity result.
Signed Selmer groups
2.1. Definition of Coleman maps and signed Selmer groups. Let f = a n (f )q n be a normalised new cuspidal modular eigenform of even weight k ≥ 2, level N and nebentypus ε. We assume that a n (f ) is defined over a totally real field for all n and that f is non-ordinary at p (that is, a p (f ) is not a p-adic unit).
We fix a finite extension E of Q p such that a n (f ) ∈ E for all n and ̟ a uniformizer of E. We let V f be the E-linear Galois representation attached to f constructed by Deligne [Del69] . Then V f has Hodge-Tate weights {0, 1 − k}, where our convention is that the Hodge-Tate weight of the cyclotomic character is 1. Let T f be the canonical G Q -stable O E -lattice in V f defined by Kato [Kat04, §8.3] . Let A f = V f /T f (1) and T f the Tate twist T f (k − 1), which has Hodge-Tate weights {0, k − 1}. There is a perfect pairing
where f * is the modular form whose Fourier coefficients are given by the complex conjugation of those of f (see for example [Kat04, §14.10]). Since we assume that a n (f ) ∈ R for all n, we have in fact a perfect pairing
, which is equipped with the Frobenius map ϕ(π) = (1 + π) p − 1 and an action by Γ given by γ · π = (1 + π) χ(γ) − 1 for γ ∈ Γ. For a free rank-d O Emodule T equipped with a continuous action by G Qp , we write N(T ) and D cris (T ) for the Wach module and the Dieudonné module of T (c.f. [Ber03, Ber04] ). We write
where the connecting maps are corestrictions. Recall the canonical Λ(Γ)-isomorphism
proved by Berger [Ber03] , where ψ is a left-inverse of ϕ as described in [Ber03, §I.2].
By an abuse of notation, we shall identify the two modules with each other. The Wach module N(T f ) is free of rank 2 over O E ⊗ A + Qp . We fix a basis n 1 , n 2 . Via the Λ(Γ)-homomorphism
and the fact that ϕ * N(T f ) ψ=0 is a free Λ(Γ)-module of rank 2 generated by the elements (1 + π)ϕ(n 1 ) and (1 + π)ϕ(n 2 ), we define the Coleman maps
for Perrin-Riou's big logarithm map, where H E (Γ) is the algebra of E-valued distributions on Γ. When the Hodge-Tate weights of T are non-negative (e.g. T f ), this map lands inside
For every integer m, we have the Tate twist T (m) = T · e m , where e m is a basis on which Γ acts via χ m . Recall that there is an element t in Fontaine's ring B dR such that ϕ(t) = pt and γ · t = χ(γ)t for all γ ∈ Γ. We have the natural maps
Here, ℓ i = log(γ)/ log(χ(γ)) − i and Tw −m denotes the E-linear map that sends σ ∈ Γ to χ m (σ)σ. Let ν 1 , ν 2 be the basis of D cris (T f ) obtained from n 1 , n 2 modulo π. The Coleman maps defined above give rise to the decomposition
for some 2 × 2 logarithmic matrix M that is defined over
The following is a generalization of [LP17, Lemma 3.2].
Lemma 2.1. Let
where ∼, ∼ n is the Tate pairing 
where the pairing ∼, ∼ cris is extended Frac(H E (Γ))-linearly. From (2.2), (2.3), and (2.4), we deduce that this is the same as saying
This shows that x, y = 0 for all x ∈ ker Col f,i if and only if y · e k−2 ∈ ker Col f,i . Hence the result.
By Tate duality, we have the pairing (2.5)
For the rest of the paper, we make the following two hypotheses. 
are Galois extensions of Q p , then (inv) together with the inflation-restriction exact sequence tells us that the restriction map
is surjective. Since the inverse limit is left-exact, we see that
is injective, and by duality we have that
For each finite Galois extension K/Q p that is contained inside Q ∞,p , we define
to be the image of ker Col f,i under the natural map
where v runs through all places of
for any place v ∤ p of K in the same way and define the signed Selmer groups
In particular, we have the equality
Let Σ be a set of places of Q that contains p, all the primes that divide N and ∞. We write Q Σ for the maximal extension of Q that is unramified outside Σ. If K is a field contained inside Q ∞ , we shall write H i Σ (K, * ) for the Galois cohomology
. Note that we have the equality
If Σ 0 is a subset of Σ that does not contain p and ∞, we define the non-primitive signed Selmer groups
Given an integer s, we write
which is compatible with
, we may equally define the signed Selmer groups for A f,s , namely,
As before, given a subfield K of Q ∞ , we may define Remark 2.6. We note that Sel i (A f,s /Q ∞ ) and Sel
where
More generally, if θ is any character on ∆, the following isomorphism of Λ-modules holds:
In fact, via the isomorphism
natural way. This would coincide with the isotypic component
Finally, for a subfield K of Q ∞ , we define the corresponding signed Selmer groups for T f,s over K by
where the product runs through all places of K.
2.2.
Relation between signed Selmer groups and their non-primitive counterparts. Let s ∈ Z and n ≥ 0 be integers. We recall the following Poitou-Tate exact sequences from [PR95, Proposition A.3.2]:
On taking inverse (resp. direct) limits, we have:
From now on we shall assume the following hypothesis holds. Lemma 2.7. The inverse limit lim
Proof. By twisting, Remark 2.6 allows us to assume that s = 0. Furthermore, it is enough to show that the claim holds at each ∆-isotypic component. Let θ be a character on ∆. We shall show that lim
Consequently, the third term of the exact sequence (2.10) simplifies to be
Our claim would therefore follow from the injectivity of the morphism
Theorem 12.4(3)], the hypothesis (irred) tells us that the inverse limit lim
θ is free of rank 1 over Λ. Let z be any generator. Then, g is injective if and only if g(z) = 0. But if g(z) = 0, then the exact sequence (2.10) would then give ImCol
This is impossible since the former is a non-zero sub-module of Λ, whereas the latter is Λ-torsion due to (tor). Hence we are done.
. We now show that each of these inverse limits is zero.
It is a free O E -module of either rank 1 or rank 2. In either case, for n sufficiently large,
Corollary 2.9. The natural map
is surjective for both i = 1, 2.
Proof. This follows on combining (2.11) and Lemma 2.7.
Corollary 2.10. We have the isomorphism
Proof. This is a consequence of (2.11) and Corollary 2.9.
, the same can be said about the latter. Therefore, under the hypothesis (tor), the isomorphism of Corollary 2.10 tells us that Sel
2.3. Signed Selmer groups over Q. In this section, we study the signed Selmer groups Sel i (A f,s /Q) and compare them to the Bloch-Kato Selmer group Sel BK (A f,s /Q). We begin by comparing our local condition at p,
We recall the definition of the BlochKato local condition H 1 f (Q p , T f,s ) later, but in the next proof we will use the fact that it is the kernel of the Bloch-Kato dual-exponential map exp * .
Proposition 2.12.
which is equal to
thanks to (2.3). We recall from [LLZ17, Lemma 3.6] that χ s (M ) is equal to the matrix of ϕ with respect to the basis ν 1 , ν 2 . Hence, we deduce that
, the right-hand side can be rewritten as
where B s is the matrix given by
For simplicity, we write B s = a b c d .
Note that c = 0. Using this relation, we deduce that the right-hand side of (2.12) is equal to
We may now compare our Selmer groups to those of Bloch-Kato. Let us first recall the relevant definitions. If V is a Q p -vector space equipped with a G Q -action, then
where B cris is Fontaine's ring of periods. If T is a Z p -lattice of V stable under
, the Bloch-Kato Selmer group is defined to be
Proposition 2.14. For s ∈ {0, . . . , k − 2}, we have an equality of Selmer groups
Proof. For ℓ = p the local conditions H Remark 2.15. By Remark 2.13, the same is true for Sel
Submodules of finite index
The goal of this section is to prove the following theorem, which is a generalization of [Gre99, Proposition 4.8] (in the ordinary case) and [Kim13, Theorem 3.14] (in the supersingular case). Proof. By the Hochschild-Serre spectral sequence and Corollary 2.8, we have the isomorphism
) is a divisible group, so this tells us that
is divisible. Hence we may conclude as in [Gre89, proof of Proposition 5].
The following is a generalization of [Kim13, Proposition 3.8].
Proposition 3.3. Let θ ∈∆ and i ∈ {1, 2}. There exists an integer s, such that the natural map
is surjective.
Proof. Let s be any integer. The Pontryagin dual of
Then, the orthogonality of the local conditions as proved in Lemma 2.4 allows us to apply [Gre99, Proposition 4.13], which tells us that if Sel i (A f,s (θω s )/Q) is finite, then the cokernel of the map
But the latter is zero thanks to (inv). In other words, the surjectivity of the map above would follow from the finiteness of Sel i (A f,s (θω s )/Q). Consider the Selmer group
Let η = θ −1 ω 2−k (which is independent of s), then this can be rewritten as
as explained in Remark 2.6. Since (tor) says that Sel i (A f /Q ∞ ) η is Λ-cotorsion, for all but finitely many s ∈ Z,
is finite. Therefore, in order to show that Sel i (A f,s (θω s )/Q) is finite, it suffices to find s satisfying this and that the kernel and cokernel of the restriction map
are both finite.
To show this, we consider the commutative diagram
where A := A f,s (θω s ). The middle vertical map is an isomorphism thanks to (inv) and the inflation-restriction exact sequence. We shall show that the kernel of the third vertical map is finite; then, upon replacing H 1 /i (Q v , A) in the diagram with Im ψ, the result would then follow from the snake lemma.
Let ℓ be a place of Q, and let v be one of the finitely many places of K ∞ lying over ℓ. By the inflation-restriction exact sequence, the kernel of the map
. If ℓ = p, this group is trivial by (inv), so we may suppose that ℓ = p. The kernel is clearly trivial if ℓ splits completely over K ∞ , so assume otherwise. Let γ v be a topological generator for Gal(K ∞,v /Q ℓ ) and write B = A GK ∞,v , so
Note that A G Q ℓ is finite for all but finitely many s. In this case, we have that B div ⊂ (γ v − 1)B, where B div is the maximal divisible subgroup of B. It follows that B/(γ v − 1)B is bounded by B/B div , which is finite. Hence, this finishes the proof.
Proposition 3.4. Let θ ∈∆. There exists an integer s such that the natural map
Proof. By Proposition 3.3 we can pick s such that the map
is surjective, where A = A f (κ s θ −1 ). As Γ 0 has cohomological dimension 1, the Hochschild-Serre spectral sequence shows that the map
is also surjective. Since we have the commutative diagram
it suffices to show that for every ℓ, the natural map
is surjective. For ℓ = p, this similarly follows from the fact that Γ 0 has cohomological dimension 1 (see also the proof of [Gre99, Lemma 4.7]). We now consider ℓ = p. By duality, we have the isomorphism
where the first isomorphism follows from (3.1), and the second follows from HochschildSerre and Remark 2.5.
We now prove Theorem 3.1. We note that it is enough to show that it holds for
Let s be an integer satisfying the conclusion of Proposition 3.3 and write A = A f (κ s θ −1 ). Recall from Corollary 2.9 that we have the short exact sequence
This gives the exact sequence
. Therefore, on combining this with Propositions 3.2 and 3.4, we deduce that Sel i (A/K ∞ ) Γ0 = 0, which concludes our proof.
Algebraic Iwasawa invariants
Given a finitely generated Λ-torsion module M , we have the pseudo-isomorphism
for some integers n i , m j and distingushed polynomials F j ∈ O E [X]. The µ-invariant of M is defined to be n i whereas its λ-invariant is defined to be
θ is Λ-cotorsion by (tor), we may define λ-and µ-invariants for its Pontryagin dual, which we shall refer simply as the λ-and µ-invariants of Sel i (A f /Q ∞ )
θ . The goal of this section is to generalize results of [Kim09] .
Lemma 4.1. Let s be any integer. We have the isomorphism
Proof. This follows from the long exact sequence induced from
Consequently, we may define
for i = 1, 2. For v a place of Q ∞ with v ∤ p, we define
as before. This allows us to define the mod ̟ signed Selmer groups Proof. By Lemma 4.1, we have the isomorphism
It is therefore enough to check that the local conditions which define the corresponding Selmer groups are compatible.
Let ℓ ∈ Σ \ Σ 0 and v a place of Q ∞ such that v|ℓ. If v = p, the local conditions are compatible by definition, so suppose l = p, and let I v be the corresponding inertia group. Since v ∤ N p, we have A Iv f = A f . Hence the short exact sequence
Since A f is divisible, the first term in this sequence is zero, hence we have an isomorphism
.
By Lemma 4.1 and the definition of H
for all places v that divide ℓ = p for some ℓ ∈ Σ \ Σ 0 , which concludes the proof. 4.2. Congruent modular forms. Let g = a n (g)q n be a second modular form of weight k, level N ′ with p ∤ N ′ . On enlarging E if necessary, we assume that a n (g) ∈ E for all n. Similarly, on enlarging Σ if necessary, we assume that Σ is a set places of Q that contains p, ∞ and the primes that divide N N ′ . Furthermore, we impose the following hypothesis that comes from [BLZ04] .
By [BLZ04, Theorem 4.1.1], this hypothesis implies that
as G Qp -representations. Indeed, as explained in the proof of loc. cit., we may choose an O E ⊗ A + Qp basis {n f,1 , n f,2 } (resp. {n g,1 , n g,2 }) of the Wach module of N(T f ) (resp. N(T g )) so that the respective matrices of ϕ and γ ∈ Γ are congruent modulo ̟. In particular,
is an isomorphism of O E ⊗ A + Qp -modules. Furthermore, such an isomorphism is ϕ-and Γ-equivariant.
As explained in §2.1, these bases allow us to define Coleman maps Col f,i (resp. Col g,i ) and the signed Selmer groups Sel
for both i = 1, 2 and all s ∈ Z.
Proof. By duality and twisting, Remark 4.2 tells us that it suffices to show that
But this is immediate from the isomorphism (4.1).
From now on, we assume the following hypothesis holds for f and g.
Proposition 4.5. Let Σ 0 = Σ \ {p, ∞}. The hypothesis (Cong) implies that
]-modules for both i = 1, 2 and any s ∈ Z.
as G Q -modules and similarly for g. Hence, (Cong) tells us that
for all v ∤ p. Hence, together with Lemma 4.4, we deduce that
for all v and i = 1, 2. The result then follows. 
is cofinitely generated over E. Therefore, the first statement is a consequence of Propositions 4.3 and 4.5.
We now prove the second statement. We assume that the µ-invariant of Sel
. By Theorem 3.1 and [Kim09, Lemma 12], the λ-invariant of Sel
). Hence, we are done by Propositions 4.3 and 4.5.
In light of the previous theorem, we now make the following assumption for the rest of the paper.
Remark 4.7. We note that our earlier hypothesis (irred) is conjectured to imply (µ = 0) when k = 2. (See e.g. [PR03, Conjecture 7.1] in the elliptic curve case.) The situation is less clear for higher weights; see Section 7.
Parity of ranks
In this section we compute the O E -corank of some cohomology groups before using the results of §4 to obtain our main result.
Throughout this section, we fix Σ 0 = Σ \ {p, ∞}. Recall that by Corollary 2.10 we have an isomorphism
for any s ∈ Z. Let θ ∈∆. On taking θ-isotypic components, this becomes
) is Λ-cotorsion with zero µ-invariant for all v. We write τ v,f (s, θ) for its λ-invariant.
Let us write
For a prime ℓ ∈ Σ 0 , let I ℓ ⊂ G Q ℓ denote the inertia subgroup, and let Frob ℓ denote the corresponding arithmetic Frobenius element in Gal(Q unr ℓ /Q ℓ ). Let k E be the residue field of E and x →x denote the reduction map modulo (̟). For s ∈ Z, we write V f,s = V f (s). The following proposition explains how to compute the values τ v,f (s, θ).
Proposition 5.1. Let ℓ ∈ Σ 0 and write
Proof. This follows from the same proof as [GV00, Proposition 2.4].
Proof. For any v | ℓ, let Γ v denote the corresponding decomposition subgroup of Γ; then the number of v above ℓ is exactly r ℓ = [Γ 0 : Γ v ]. It follows that
Since r ℓ is a power of p, it is necessarily odd, so the result follows.
We now compute the parity of d ℓ,f (s, θ) for each ℓ ∈ Σ 0 . First we deal with primes which do not divide the level of f .
) is two-dimensional, and it is a standard result that P ℓ,s,θ is given by
By Proposition 5.1, d ℓ,f (s, θ) is odd if and only ifl −1 is a simple root ofP ℓ,s,θ (X).
Since the product of the roots of
is a root.
Therefore,l −1 is a root if and only if
Hence, ifl −1 is a root, then it is simple if and only if ℓ
mod ̟, which proves the lemma.
Now we consider primes which divide the level of f . Let M denote the conductor of the nebentypus ǫ.
Proof. It is known (see [Li75] ) that when ℓ | N we have a ℓ (f ) = 0 if and only if one of the following holds:
• ℓ || N and ℓ ∤ M ; or
. By the results of [Vig89] , these are precisely the situations in which the residual mod
We define S θ f,s ⊂ Σ 0 to be the subset consisting of the primes ℓ such that
Remark 5.5. For any particular example, this subset is easy to compute using a computer algebra system such as [BCP97] . See also Section 7.
The results of this section can be summarized by the following result.
Proposition 5.6. We have the congruence
Proof. This follows immediately from Corollary 5.2, the definition of S θ f,s , and Lemmas 5.3 and 5.4.
We are now prepared to prove the main result of this section, which relates the Selmer-coranks of f and g.
Theorem 5.7. For any θ ∈∆, we have the congruence The proof of [Gre99, Proposition 3.10] shows that
mod 2, and similarly for g. We note that, while the proof in loc. cit. uses the Cassels-Tate pairing to prove that an appropriate-defined Shafarevich-Tate group has square order, for our purposes we must use the generalized pairing of Flach [Fla90] . The auto-orthogonality of Lemma 2.4 shows that [Fla90, Theorem 2] applies, and the rest of the proof goes through verbatim. Combining (5.1) and (5.2) now gives the desired result.
Denote by L f (s) the complex L-function associated to the modular form f . Recall that f is of even weight k = 2r, and let r an (f ) = ord s=r L f (s) denote the analytic rank of f . We have the following generalization of [Hat17, Theorem 4]. 
for all s ∈ Z. Furthermore, Proposition 2.14 tells us that the signed Selmer group Sel 2 (A f,s /Q) is equal to the Bloch-Kato Selmer group Sel BK (A f,s /Q) for s ∈ {0, . . . , k − 2}. Therefore, we deduce that
and similarly for g. Now the result follows from Theorem 5.7.
Remark 5.9. The hypotheses that f and g have trivial nebentypus is made solely so that we can use known cases of the parity conjecture [Nek13, Theorem B] . Since the parity conjecture is expected to hold more generally, our result should also hold for modular forms of nontrivial nebentypus; indeed, there are four pairs of modular forms of level N ≤ 60 of weight k = 2, with nontrivial nebentypus, which are congruent mod p = 3 and satisfy a p (f ) = 0, and each of these pairs has been computationally shown to satisfy this theorem. Finding congruences between such forms is computationally taxing, hence the small sample size. Once a congruence is known to exist between two modular forms, computing the relevant data to verify Corollary 5.8 is fast. See Section 7 for further discussion of the hypotheses imposed throughout our paper.
6. Unramified base fields and a transition formula 6.1. Signed Selmer groups over unramified base fields. Let K/Q p be a finite unramified extension. We may identify Γ with the Galois group Gal(K(µ p ∞ )/K). If T is a free rank-d O E -module equipped with a crystalline continuous G K -action, we write N K (T ) for its Wach module over K. This is now a module over
Note that if T is equipped with a G Qp -action, then N K (T ) and N(T ) (the Wach module over Q p ) are related by
Define H 1 Iw (K, T ) to be the inverse limit lim ← − H 1 (K(µ p n ), T ). The isomorphism (2.1) generalizes to
If n 1 , n 2 is an O E ⊗A + Qp -basis of N(T ), then (6.1) tells us that it is an O E ⊗A + K -basis of N K (T ). Furthermore, we may define the two Coleman maps
given by the relation
Then, ker(Col K,f,i ) allows us to define the local conditions
via the Tate duality
as before. Consequently, if F/Q is a number field where p is unramified, we have the signed Selmer groups
where v runs through all places of F (µ p ∞ ) and the local conditions outside p are defined using the unramified subgroups. We may equally define the corresponding Selmer groups for twists of A f , namely, for s ∈ Z,
where the local conditions
As before, we may take Σ to be a finite set of primes containing p, ∞, and the primes which divide N , and then we have
We write F ∞ for the Z p -cyclotomic extension of F . If θ ∈∆, then we may take θ-isotypic components everywhere as before and we have the local conditions
θ and the Selmer groups
6.2. Twists of signed Selmer groups and control theorems. The local conditions at p we defined in §6.1 are compatible in the following sense.
Lemma 6.1. Let K/Q p be a finite unramified extension, and let N = Gal(K(µ p ∞ )/Q ∞,p ). For any s ∈ Z and i ∈ {1, 2}, we have the isomorphism
We may assume that s = 0 by twisting. By duality, this is equivalent to saying that
We remark that since K/Q p is unramified, the proof of [Lei11, Lemma 4.4] shows that A
Hence, the inflation-restriction exact sequence tells us that
This implies that H
. Therefore, our claim in (6.2) follows from the corresponding compatibility condition of the Coleman maps, which is a consequence of (6.1).
From now on, we fix an integer s and θ ∈∆. In order to ease notation, we shall write A for A f,s (θ −1 ). Let F be a number field as in the previous section. We suppose that F/Q is Galois and write G = Gal(F ∞ /K ∞ ). We now establish analogues of the results of [PW06, §2.3], beginning with the following control lemma.
Lemma 6.2. For i ∈ {1, 2}, the restriction map
has finite kernel and cokernel.
Proof. By definition of the signed Selmer groups, we have the commutative diagram
Lemma 6.1 tells us that ker γ v = 0 for all v|p. Since G is finite and A is cofinitely generated, the inflation-restriction exact sequence shows that ker β and coker β are finite. Similarly, the same is true for ker γ v whenever v ∤ p. Hence the result follows from the snake lemma.
Recall our running assumptions (tor) and (µ = 0), which say that Sel i (A/K ∞ ) is Λ-cotorsion with zero µ-invariant. The following result tells us that these properties persist over F . Proof. This follows from Lemma 6.2 and Nakayama's lemma for compact local rings. We refer the reader to the proof of [HM99, Corollary 3.4] for details. 
and we regard the corresponding Selmer group Sel i (A ψ /K ∞ ) as a Λ ′ -module (so its λ-invariant refers to its O E ′ -corank rather than its O E -corank). The following is [PW06, Proposition 2.6].
Proposition 6.4. If G is abelian, then there is a natural map
with finite kernel and cokernel.
Proof. Using Proposition 6.3, the proof of loc. cit. carries over verbatim.
For each ψ ∈Ĝ, we write λ(A ψ , K ∞ ) for the λ-invariant of Sel i (A ψ /K ∞ ), and similarly for Selmer groups over F ∞ . The following is an immediate corollary.
6.3. Kida formula. We retain the notation from the previous section. If L is a finite extension of the cyclotomic Z p -extension of Q ℓ , then by restriction we may view any E-linear representation V of G Q as a representation of G L , and we set
Remark 6.6. In the notation of §5, we have
Noting that m L (V ) is invariant under extension of scalars, if L ′ /L is a finite p-extension, we enlarge E if necessary so that it contains the [L ′ : L] th roots of unity, and we define
Denote by R(F ∞ /K ∞ ) the set of prime-to-p places of F ∞ which are ramified in F ∞ /K ∞ . The results of this paper yield the following "Kida-type formula", which is a generalization of [PW06, Theorem 2.8] to the non-ordinary setting.
Theorem 6.7. Let F/Q be a finite Galois p-extension which is unramified at p. If Sel i (A/K ∞ ) is Λ-cotorsion with µ-invariant zero, then Sel i (A/F ∞ ) is also Λ-cotorsion with µ-invariant zero. The corresponding λ-invariants are related by the transition formula , and the formula follows from Proposition 4.5 and Remark 6.6.
Remark 6.8. If F/Q is a finite extension which is unramified at p, and if F ′ /F is any finite p-extension which is unramified at p, then upon replacing the pair (Q, F ) with the pair (F, F ′ ), the results of this section go through in this slightly more general setting.
Hypotheses and Numerical Computations
At the beginning of this paper, we assumed p is an odd prime, and we have considered modular forms f, g of level N and even weight k ≥ 2 whose Fourier coefficients define totally real fields. At various points in the paper, we have added additional assumptions on our modular forms. For the reader's convenience, we begin by recalling these hypotheses, and when applicable we also give some sufficient conditions for each to hold.
Label

Hypothesis Sufficient Conditions (irred)
The G Q -representation T f /̟T f is irreducible. See Lemma 7.1 below.
(inv)
For all m ≥ 0, A f (m) G Q∞,p = 0. k ≤ p (tor)
Sel i (A f,s /Q ∞ ) θ is cotorsion over Λ a p (f ) = 0 or k ≥ 3 (BLZ) ord p (a p (f )), ord p (a p (g)) > ⌊(k − 2)/(p − 1)⌋ (cong)
T f /̟T f ∼ = T g /̟T g as G Q -representations. Sturm's bound (µ = 0)
The µ-invariants of Sel i (A f /K ∞ ) and Sel i (A g /K ∞ ) vanish.
Conjecturally: k = 2
The following lemma is useful when checking whether (irred) is satisfied.
Lemma 7.1. Let f = a n (f )q n be a newform of weight k and level N . Let ̟ | p be a prime such that the G Q -representation T f /̟T f is reducible. If p ∤ N and p > k, then a ℓ (f ) ≡ ℓ k−1 + 1 mod ̟ for all ℓ ≡ 1 mod N.
Proof. See the proof of [DFG04, Lemma 2.4].
The explicit nature of the terms in Corollary 5.8 make them highly amenable to computation using a computer algebra system such as Magma [BCP97] , and it is easy to compute many examples which verify this result. The code used by the authors to verify the following examples can be found at [HL] .
It is also interesting to test which of the above hypotheses are really necessary; for instance, computational experiments suggest that the theorem still holds when k = 2 and a p (f ) = 0, which suggests that (tor) also holds in this setting.
Remark 7.2. From the table, we see that the most interesting hypothesis (and the most difficult to check) is certainly (µ = 0). As noted earlier, when f is weight 2 and nonordinary at p, its µ-invariant is always expected to vanish, but the higherweight cases are more mysterious. See for example [PW11, Remark 5.2.3 and 5.2.4].
Example. Let p = 5 and k = 4, so (inv) and (tor) are automatically satisfied. Consider the modular forms Both have trivial nebentypus and are defined over Q. It is plain to see that (BLZ) is satisfied, and one easily checks that these forms are congruent mod 5 using Sturm's bound. Applying Lemma 7.1 with ℓ = 97 shows that (irred) holds.
Since k = 4, we set s = k 2 − 1 = 1, and the levels give us Σ 0 = {2, 3}. We compute the following data to check Corollary 5.8. Note that, in the notation of Section 5, ǫ = θ = 1. Since f has positive analytic rank while g does not, this example illustrates the role that the "error terms" |S f | and |S g | play in the congruence of Corollary 5.8.
We have verified our theorem on many pairs of modular forms; the major difficulty in computing these examples is in generating the pairs of congruent modular forms. Once a pair is in hand, computing the terms in Corollary 5.8 is extremely fast. We have yet to find a pair of congruent modular forms which violates our theorem, which can be considered evidence for the vanishing of the µ-invariant for each of these forms.
In the appendix, we present a table of the pairs of congruent modular forms for which we have computationally verified Corollary 5.8 using the code [HL] . Modular forms are listed according to their LMFDB label. 
